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The combination of the time-reversal-symmetric single-particle backscattering field (commonly
known as Rashba spin-orbit coupling) and non-backscattering electron interactions is generally ex-
pected to produce inelastic backscattering in 1D helical electron liquids at the edge of 2D topolog-
ical insulators, as theoretically predicted in a number of works. An opposite conclusion of absent
backscattering was reached in a recent work [H.-Y. Xie et al., Phys. Rev. Lett. 116, 086603 (2016)]
for the “local” model of the backscattering field and interactions. Motivated to resolve this potential
controversy, in the present work, we study backscattering effects employing fermionic perturbation
theory and considering quite general forms of the backscattering field and electron interactions. We
discover that backscattering effects are crucially sensitive to the locality properties of the backscat-
tering field and electron interactions, to the symmetry of the latter, as well as to the presence or
absence of the cutoff of the electron spectrum. We find that backscattering is indeed absent under
the following assumptions: (i) local backscattering field; (ii.a) local or (ii.b) SU(2)-symmetric inter-
actions; (iii) absent cutoff of the edge-state spectrum. However, violation of any of these conditions
leads to backscattering. This also reconciles with the results based on the bosonization technique.
We calculate the associated backscattering current, establish its low-bias scaling behavior, and pre-
dict a crossover between two different scaling regimes. The main implication of our findings is that
backscattering of some magnitude is inevitable in a real system, although could be quite suppressed
for nearly local backscattering field and interactions.
I. INTRODUCTION
In search of candidates for spintronics applications,
two-dimensional (2D) topological insulators1–3, also
known as quantum spin Hall systems, have emerged as a
promising option. In the topologically nontrivial phase,
such systems exhibit a gapped bulk, but gapless counter-
propagating, “helical”, edge states, Fig. 1. These coun-
terpropagating edge states form Kramers pairs and are
ensured by time-reversal symmetry (TRS). They provide
robust one-dimensional (1D) transport channels; an ideal
edge has quantized conductance of e2/h. This quantiza-
tion of conductance is the most direct experimental signa-
ture of the topological insulator phase and has been suc-
cessfully observed in HgTe/CdTe4–6 and InAs/GaSb7,8
quantum wells.
Central to spintronics applications is a question of
backscattering (BS) effects, which decrease the conduc-
tance from its ideal value e2/h. BS processes necessarily
FIG. 1: Schematic of the helical edge states of a 2D topologi-
cal insulator and the profile α(x, x) of the BS field [Eq. (2.4)].
interactions\BS field (i) local nonlocal
(ii.a) local or (ii.b) SU(2)-symm. no yes
nonlocal and SU(2)-asymm. yes yes
TABLE I: Conditions for the presence (yes) or absence (no)
of backscattering (BS), depending on locality of the BS field
and interactions and symmetry of the latter, for absent cutoff
of the electron spectrum. If a cutoff is present, BS is present
regardless of the forms of the BS field and interactions.
involve the change of the numbers N± of electrons oc-
cupying the two branches of counterpropagating states,
which we label ±, Fig. 1. In symmetry terms, BS pro-
cesses require a mechanism of breaking of U(1) symmetry
with respect to rotations about the z axis in the effective
isospin- 12 space of the Kramers doublet ±.
However, broken U(1) symmetry is only necessary but
not sufficient to generate BS when TRS is preserved. In
particular, TR-symmetric disorder in a noninteracting
system generally breaks U(1) symmetry, yet does not re-
sult in BS: the single-particle states completely evade lo-
calization even for stronger TR-symmetric disorder, and
conductance remains ideal. This feature constitutes the
concept of topological protection of topological insula-
tors by TRS. The absence of BS in a noninteracting TR-
symmetric system is related to the conservation of the
single-particle energy, and so, violation of this condition
is another requirement for BS under preserved TRS.
One apparent effect that provides nonconservation of
the single-particle energy is electron interactions. One
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2can therefore generally expect inelastic BS in the pres-
ence of a TR-symmetric, U(1)-asymmetric single-particle
backscattering field (commonly known as Rashba spin-
orbit coupling) and TR-symmetric, U(1)-symmetric non-
backscattering interactions (other notable studied mech-
anisms of BS are magnetic moments9,10, phonons11,
and charge puddles12–14). Indeed, most theoretical
works15–21 on this subject predicted that BS is gener-
ated by this combination, using either fermionic pertur-
bation theory or renormalization group, or a combination
of bosonization technique and renormalization group. On
the other hand, a seemingly contradictory conclusion was
reached in a recent work22, where it was argued that in
the presence of the BS field and interactions the system
can be mapped onto an inhomogeneous Luttinger liquid,
which implies that no BS is generated.
Motivated to resolve this potential controversy, we
perform an analysis of BS processes due to such
combination of TR-symmetric U(1)-asymmetric, single-
particle field (generalized Rashba spin-orbit coupling)
and TR-symmetric, U(1)-symmetric interactions, consid-
ering quite general forms of them, to be defined precisely
in Sec. II. We study the problem using fermionic pertur-
bation theory and calculate the amplitudes of BS pro-
cesses and the associated BS currents. We find that BS
processes are crucially sensitive to the locality properties
in real space of the BS field and electron interactions, to
the symmetry of the latter in the ± isospin space, as well
as to the presence or absence of the cutoff of the electron
spectrum. In Ref. 22, the conclusion of absent BS was
reached under quite stringent assumptions: (i) local BS
field, to be explained in Sec. II; (ii.a) local (interaction
potential is a delta function) and (ii.b) SU(2)-symmetric
interactions; (iii) absent cutoff.
Under these conditions, we do recover the result of
Ref. 22, absent BS, within our perturbative approach. In
fact, on the one hand, we conjecture that less restrictive
conditions on the form of interactions are sufficient for
the absence of BS: they need to be just (ii.a) local or
(ii.b) SU(2)-symmetric. On the other hand, we find that
violation of any of these more general conditions leads
to BS, manifested in finite BS amplitudes and currents.
Namely, if the BS field is nonlocal [(i) is violated], BS
is present even for local or SU(2)-symmetric interactions
and absent cutoff. If interactions are finite-range and
SU(2)-asymmetric [(ii.a) and (ii.b) are violated], BS is
present even for local BS field and absent cutoff. If the
cutoff is present [(iii) is violated], BS is present even for
local BS field and local or SU(2)-symmetric interactions.
The cases are summarized in Tab. I.
We also explain that the latter cutoff effect reconciles
the results of Ref. 22 with those of Refs. 15,17,19, which
predicted finite BS from an identical local fermionic
model using the bosonization technique. The bosoniza-
tion procedure necessarily implies a finite cutoff of the
electron spectrum, and thus should produce BS even if
the BS field and interactions are explicitly local in real
space.
FIG. 2: 3D schematic of the nonlocal BS field α(x, x′)
[Eq. (2.4)].
We illustrate the locality and symmetry conditions for
BS by deriving the scaling of the BS current with the
bias voltage at zero temperature.
The rest of the paper is organized as follows. In Sec. II,
we introduce the model. In Sec. III, we derive the general
expressions for BS amplitudes and associated BS cur-
rent to lowest orders in the BS field and interactions. In
Sec. IV, we establish the general locality, symmetry, and
cutoff conditions for the presence or absence of BS. In
Sec. V, we derive the low-energy scaling behavior of the
BS current. Concluding remarks are presented in Sec. VI.
II. MODEL
We model the helical edge of a 2D topological insulator
by the following many-body second-quantized Hamilto-
nian,
3Hˆ = Hˆ0 + δHˆ, (2.1)
δHˆ = HˆR + Hˆi, (2.2)
Hˆ0 =
∑
η=±
∫
dxψˆ†η(x)(−ηvi∂x)ψˆη(x) =
∑
η=±
∫
dk
2pi
εη(k)cˆ
†
ηk cˆηk, (2.3)
HˆR =
∫
dxdx′α(x, x′)
[
i∂xψˆ
†
+(x)ψˆ−(x
′) + ψˆ†+(x)(−i∂x′)ψˆ−(x′)
]
+ h.c. (2.4)
=
∫
dkdk′
(2pi)2
αk,k′(k + k
′)cˆ†+,k cˆ−,k′ + h.c.,
Hˆi = Hˆ
(2)
i + Hˆ
(4)
i , (2.5)
Hˆ
(2)
i =
1
2
∫
dx1dx2 g
(2)(x1, x2)[ψˆ
†
+(x1)ψˆ
†
−(x2)ψˆ−(x2)ψˆ+(x1) + ψˆ
†
−(x1)ψˆ
†
+(x2)ψˆ+(x2)ψˆ−(x1)] (2.6)
=
1
2
∫
Dk g
(2)
k1−k′1,k′2−k2(cˆ
†
+,k1
cˆ†−,k2 cˆ−,k′2 cˆ+,k′1 + cˆ
†
−,k1 cˆ
†
+,k2
cˆ+,k′2 cˆ−,k′1),
Hˆ
(4)
i =
1
2
∫
dx1dx2 g
(4)(x1, x2)[ψˆ
†
+(x1)ψˆ
†
+(x2)ψˆ+(x2)ψˆ+(x1) + ψˆ
†
−(x1)ψˆ
†
−(x2)ψˆ−(x2)ψˆ−(x1)] (2.7)
=
1
2
∫
Dk g
(4)
k1−k′1,k′2−k2(cˆ
†
+,k1
cˆ†+,k2 cˆ+,k′2 cˆ+,k′1 + cˆ
†
−,k1 cˆ
†
−,k2 cˆ−,k′2 cˆ−,k′1).
Here and below, we denote Dk =
dk1dk2dk
′
1dk
′
2
(2pi)4 for brevity.
In Eq. (2.3), Hˆ0 is the unperturbed Hamiltonian of an
ideal non-interacting helical liquid, characterized by the
linear spectrum
εη(k) = ηvk
with velocity v of electrons of two chiralities η = ±. The
fermion field operators
ψˆη(x) =
∫
dk
2pi
eikxcˆηk (2.8)
are expanded in the plane-wave single-particle basis. The
fermion annihilation cˆηk and creation cˆ
†
ηk operators in the
plane-wave basis obey the anticommutation relations
cˆηk cˆη′k′ + cˆη′k′ cˆηk = 0,
cˆηk cˆ
†
η′k′ + cˆ
†
η′k′ cˆηk = 2piδ(k − k′)δηη′ . (2.9)
Accordingly, the field operators satisfy
ψˆη(x)ψˆη′(x
′) + ψˆη′(x′)ψˆη(x) = 0,
ψˆη(x)ψˆ
†
η′(x
′) + ψˆ†η′(x
′)ψˆη(x) = δηη′δ(x− x′). (2.10)
BS field. Next, HˆR [Eq. (2.4)] is the Hamiltonian of
the single-particle BS field that couples ± states, thereby
breaking U(1) symmetry and changing the numbers
Nˆη =
∫
dk
2pi
cˆ†η,k cˆη,k (2.11)
of electrons in η = ± states. We consider the most gen-
eral form of such field allowed by TRS, characterized by
a complex function α(x, x′) of two coordinates with the
Fourier transform
αk,k′ =
∫
dxdx′ α(x, x′)ei(−xk+x
′k′). (2.12)
TRS imposes the constraint
α(x, x′) = α(x′, x)⇔ αk,k′ = α−k′,−k. (2.13)
The physical meaning of the dependence of the BS field
α(x, x′) on two coordinates is better elucidated in terms
of the variables x+ =
1
2 (x + x
′) and x− = x − x′. The
dependence on x+ =
1
2 (x+x
′) describes the spatial inho-
mogeneity of the BS field; the case of α(x, x′) = α(x−x′)
independent of x+ is the translationally invariant case.
The dependence on x− describes the nonlocality of the
BS field; generally, we assume α(x, x′) to be a decay-
ing function of x− over the microscopic spatial scale a of
the low-energy theory (see below). The form α(x, x′) =
α0(x+)δ(x−), where δ(x−) is a delta function, is the fa-
miliar conventional local form of the BS field, known as
Rashba spin-orbit coupling, studied earlier15–21. When
the dependence on x− has a finite extent, the field is
nonlocal since in this case the first-quantized operator is
an integral operator, and the dependence on x− describes
the kernel of this operator. Nonlocal form of the BS field
can be regarded as the generalization of the Rashba spin-
orbit coupling.
Nonlocality of α(x, x′), i.e., deviation from the form
α0(x+)δ(x−) can be rephrased in terms of the derivatives
of the electron field of higher order than linear: since the
4low-energy electron fields ψˆ(x) vary over spatial scales
much larger than the extent a of α(x+, x−) in x−, one
may perform in HˆR the Taylor expansion of the fields
ψˆ(x) = ψˆ(x+ +
1
2x−) and ψˆ(x
′) = ψˆ(x+ − 12x−) in x−
about the common center x+, to arrive at an equivalent
form of HˆR, which would be local (a single integral over
x+), but contain derivatives of higher order than linear.
The integral form of HˆR is, however, more practically
convenient for our general analysis.
Interactions. Next, Hˆi [Eqs. (2.5), (2.6), and (2.7)] are
the two-particle interactions. To clearly distinguish be-
tween the two ingredients necessary for BS, mentioned in
Sec. I, breaking of U(1) symmetry and nonconservation
of the single-particle energy, we consider U(1)-symmetric
interactions. Such interactions preserve N± numbers and
by themselves do not result in BS: the fermion model
Hˆ0 + Hˆi maps
23,24 onto the Luttinger liquid model of
free bosons for arbitrary strength of interactions, and ex-
hibits25–27 ideal conductance e2/h. And so, in our model,
the single-particle BS field HˆR is responsible for breaking
U(1) symmetry, while U(1)-symmetric interactions Hˆi
are responsible for nonconservation of the single-particle
energy.
We consider the U(1)-symmetric interactions of the
density-density type, for which the electron densities
ψˆ†η(x)ψˆη(x) of η = ± states interact with themselves
(n = 4) and each other (n = 2, we label interactions ac-
cording to “g-ology” convention28–30) via the finite-range
potentials g(n)(x1, x2), with Fourier transforms
g(n)q1,q2 =
∫
dx1dx2 g
(n)(x1, x2)e
i(−x1q1+x2q2).
Naturally, the interaction potentials are symmetric,
g(n)(x1, x2) = g
(n)(x2, x1); equivalently, in momentum
space, g
(n)
q1,q2 = g
(n)
−q2,−q1 . These interactions become
SU(2)-symmetric when g(2)(x1, x2) = g
(4)(x1, x2). We
mention that the form of U(1)-symmetric interactions we
consider is still not the most general one; however, our
conclusions are not sensitive to this assumption.
Similarly to the properties of α(x, x′), the depen-
dence of g(n)(x1, x2) on x+ =
1
2 (x1 + x2) describes
the spatial inhomogeneity of interactions; translation-
ally invariant interactions g(n)(x1, x2) = g
(n)(x1 − x2)
depend only on the difference x− = x1 − x2. We
consider spatially inhomogeneous interactions to demon-
strate that our conclusions do not rely on the assump-
tion of translational symmetry of interactions. The de-
pendence on x− describes the interaction potential, as-
sumed to be a decaying function. For local, also called
contact, interactions, the potential is a delta function,
g(n)(x1, x2) = g
(n)(x+)δ(x−). Local interactions be-
tween fermions have a special property that, due to the
Pauli exclusion principle, their structure in the isospin
space is effectively restricted. In particular, for two-
component fermions, as is the case for the helical states
± we consider here, there is effectively only one coupling
constant. Indeed, in the most general isospin structure
∑
η1η2η′1η
′
2
g
η1η
′
1
η2η′2
(x)ψˆ†η1(x)ψˆ
†
η2(x)ψˆη′2(x)ψˆη′1(x) of local in-
teractions, all terms containing particle-particle bilin-
ears ψˆη(x)ψˆη(x) = 0 with the same label η and their
conjugates vanish due to fermion anticommutation rela-
tions (2.16). The remaining nonvanishing terms can all
be brought to the form ψˆ†+(x)ψˆ
†
−(x)ψˆ−(x)ψˆ+(x) of g
(2)-
type interactions [Eq. (2.6)]. And so, this is the most
general effective form of local interactions between two-
component fermions, characterized by just one coupling
constant.
Cutoff. We also consider the effect of the cutoff of the
electron spectrum, which we formalize as follows. Con-
sider a cutoff function Fk, Fig. 3, which is a nongrowing
function of momentum |k| with a maximum F0 = 1 at the
Fermi level, k = 0 in our case, and vanishing at k → ±∞.
The range of Fk, the cutoff scale, is determined by the
inverse 1/a of the microscopic spatial scale a of the low-
energy theory; in our case, a is set by the lateral extent of
the microscopic wave functions of the helical edge states
and related to the gap ∼ v/a of the bulk electron spec-
trum.
The cutoff is introduced by considering the modified
Hamiltonian ˆ˜H = Hˆ[ˆ˜c], obtained by replacing the elec-
tron operators cˆη,k in the original Hamiltonian Hˆ = Hˆ[cˆ]
[Eq. (2.1)] by the “constrained” operators
ˆ˜cη,k =
√
Fk cˆη,k, (2.14)
ˆ˜
ψη(x) =
∫
dk
2pi
eikxˆ˜cηk =
∫
dk
2pi
eikx
√
Fk cˆηk. (2.15)
In such Hamiltonian, momentum integrations are con-
strained to the range of the bandwidth ∼ 1/a due to the
presence of the cutoff function, whereas for absent cutoff
(Fk ≡ 1) the integrations are unrestricted.
For our purpose, an important observation is that con-
straining the electron spectrum in momentum space by
introducing a cutoff leads to effective nonlocality of the
electron operators in real space. This is most easily illus-
trated by the anticommutation relations
ˆ˜cηk ˆ˜c
†
η′k′ +
ˆ˜c†η′k′ ˆ˜cηk = 2piδ(k − k′)δηη′Fk, (2.16)
ˆ˜
ψη(x)
ˆ˜
ψ†η′(x
′) + ˆ˜ψ†η′(x
′) ˆ˜ψη(x) = δηη′F (x− x′), (2.17)
F (x) =
∫
dk
2pi
eikxFk,
for the modified electron operators. Instead of the delta
function δ(x−x′) (due to the completeness of the plane-
wave system {eikx}k with all continuous k) for absent
cutoff on the right hand side of the anticommutation re-
lations (2.10), the inverse Fourier transform F (x− x′) of
the cutoff function Fk is present, which naturally has a
finite range determined by the microscopic spatial scale
5FIG. 3: Examples of cutoff functions: (a) generic smooth
Fk (red), (b) hard F
h
k [Eq. (2.18), blue], and (c) exponential
F ek [Eq. (2.19), green]. Different smoothness properties of the
cutoff function lead to different scaling behaviors of the BS
current, see Secs. V C and V D.
a. This nonlocality manifests in other properties as well.
Thus, one can anticipate the effect of the cutoff to be
qualitatively similar to the effect of explicitly nonlocal
BS field or interactions, as we prove to indeed be the
case.
We consider a general “smooth” cutoff, when Fk is con-
tinuously differentiable, as well as two types of commonly
used cutoffs, Fig. 3. One is the “hard” cutoff
F hk =
{
1, |k| < 1/a,
0, |k| > 1/a, F
h(x) =
sin xa
pix
, (2.18)
described by a rectangular window function with a band-
width 1/a. In this case, the electron states outside of the
band [−1/a,+1/a] are completely discarded and the elec-
tron Hilbert space is restricted.
The other cutoff we use is exponential,
F ek = e
−|k|a, F e(x) =
1
pi
a
x2 + a2
. (2.19)
The fermion exponential cutoff is closely related to the
exponential cutoff commonly used in bosonization30–32.
In particular, the anticommutation relation for the elec-
tron field operators (as well as the electron Green func-
tion) obtained from bosonization formalism has exactly
the form of Eq. (2.17) with F e(x) [Eq. (2.19)] on the right
hand side.
All these three generalizations (nonlocal BS field,
finite-range SU(2)-asymmetric interactions, and finite
cutoff) we consider here should be present in a realistic
low-energy model. A cutoff is present (even if implicitly)
in a continuous low-energy theory since its Hilbert space
is, by construction, restricted to the states of interest.
Further, at a general level, the structure of a low-energy
model is guided solely by the true symmetries of the sys-
tem; in our case, TRS is the only such symmetry. Lo-
cality of operators is not required by any symmetry or
any other fundamental reason. As a result, any nonlo-
cal operator (of single-particle or interaction type) that
satisfies just TRS is admitted in the low-energy model.
The “bare” operators may be local (as in the case of
the BS field, Rashba coupling) or have higher symme-
try than the true one (the matrix elements of the bare
SU(2)-spin-symmetric Coulomb interactions are SU(2)-
symmetric in the space of the Kramers doublet ±). How-
ever, additional nonlocal terms and terms that lower the
(a)
+, k1
+, k2 +, k′2
− −, k′1
g(2)
+
+ +
+ −
g(4)
(b)
+
− −
− −
g(4)
+
− −
+ −
g(2)
+, k2 − −, k′2
+, k1 − −, k′1
g(4)
+ + −
+ + −
g(4)
+ + −
+ − −
g(2)
+ − −
+ + −
g(2)
FIG. 4: Diagrams for one-particle backscattering (1PBS)
processes, to the lowest, first, order in the BS field and inter-
actions. The BS field is represented by crosses and electron
interactions by wiggly lines. The diagrams (a) and (b) de-
scribe the BS amplitudes T [+−++|k1k
′
1
k2k
′
2
] [Eqs. (3.4) and (3.5)]
and T [+−−−|k1k
′
1
k2k
′
2
] [Eqs. (3.6) and (3.7)], respectively.
symmetry down to the true one get generated via vir-
tual transitions to the high-energy electron states that
are not included in the low-energy single-particle Hilbert
space of the edge states (the bulk states, in the case of the
topological insulator). Such processes set the spatial non-
locality scale, which is given by the microscopic scale a
of the theory (see above); technically, it is determined by
the extent of the correlation functions of the high-energy
states. Note that, through this mechanism, nonlocality
of a low-energy theory is also essentially a consequence
of restricting the Hilbert space. And though additional
nonlocal and symmetry-restoring terms may be of smaller
magnitude than the bare ones, they are nonetheless ad-
mitted and can affect physics in a qualitative way, as we
demonstrate here.
For establishing the general properties of BS in
Secs. III and IV, no further assumptions about the forms
of the BS field, interactions, and cutoff are necessary.
For calculating the scaling behavior of the BS current in
Sec. V, a few more specific assumptions will be made.
III. BACKSCATTERING PROCESSES AND
CURRENT
We study BS processes, which involve changes of N±
[Eq. (2.11)] numbers of electrons in the two edge-state
branches ± due to the cooperative effect of the BS field
HˆR and electron interactions Hˆi. To specify the prob-
lem, we calculate the rate of change of the numbers N±,
commonly referred to as the “BS current”. Within the
framework of the Fermi “golden rule”33, the BS current
reads
δI =
∑
f
2piδ(Ef − Ei)|〈f |T |i〉|2δNfi. (3.1)
6(a)
+, k1
+, k2 +, k′2
− −, k′1
g(2)
+
+ +
+ −
g(4)
(b)
+
− −
− −
g(4)
+
− −
+ −
g(2)
+, k2 − −, k′2
+, k1 − −, k′1
g(4)
+ + −
+ + −
g(4)
+ + −
+ − −
g(2)
+ − −
+ + −
g(2)
FIG. 5: Diagrams for two-particle backscattering (2PBS)
processes, with the amplitude T [+−+−|k1k
′
1
k2k
′
2
] [Eqs. (3.10) and
(3.11)], to the second order in the BS field and first order
in interactions.
Here, |i〉 = |i,N+i, N−i〉 and |f〉 = |f,N+f , N−f 〉 are
the initial and final states, which are eigenstates of the
unperturbed Hamiltonian Hˆ0 [Eq. (2.3)], with energies
Ei and Ef and conserved numbers N±i and N±f , re-
spectively (the total number N+i + N−i = N+f + N−f
of electrons is always conserved for the full Hamiltonian
Hˆ); δNfi = N+f−N+i = N−i−N−f is the backscattered
charge in a BS process.
Next, 〈f |T |i〉 in Eq. (3.1) is the scattering amplitude
between the initial |i〉 and final |f〉 states. It is defined
through the scattering matrix
S = T exp
[
−i
∫ +∞
−∞
dt δ ˆ˜H(t)
]
, (3.2)
δ ˆ˜H(t) = eiHˆ0tδ ˆ˜He−iHˆ0t, δ ˆ˜H = δHˆ[ˆ˜c],
as
〈f |S|i〉 = 〈f |i〉 − i2piδ(Ef − Ei)〈f |T |i〉. (3.3)
We assume that both the BS field HˆR and interactions
Hˆi are weak and can therefore be treated perturbatively.
We consider one- and two-particle backscattering (1PBS
and 2PBS) processes 〈N++δN,N−−δN |T |N+, N−〉 with
the change of electron numbers δN = 1, 2. The calcu-
lations of the scattering amplitudes are done using the
standard diagrammatic technique33,34.
We first remind that without interactions no BS
processes are possible: due to energy conservation in
Eq. (3.1), single-particle BS could occur only between
the single-particle states |+,+k〉 and |−,−k〉 of the same
energy vk; such states form a Kramers pair and the ma-
trix element
〈−,−k|T |+,+k〉 = Fkα−k,k(−k + k) = 0
of the TRS-preserving perturbation HˆR between them
vanishes. This explicitly demonstrates that TRS pre-
cludes any elastic BS, in which the single-particle en-
ergy is conserved. (Note that this result relies on hav-
ing only one Kramers pair of states at a given energy
and so is valid only for one pair of counterpropagating
states5,23,24.)
The conservation of the single-particle energy holds no
more in the presence of interactions and BS processes
become possible, since the nonvanishing matrix elements√
FkFk′αk,k′(k+k
′) 6= 0 with unrelated k and k′ can now
enter the scattering amplitude T .
1PBS processes with δN = 1 first arise in the first order
in the BS field and first order in interactions; the scat-
tering amplitudes for the elementary processes between
two-particle states are represented by the diagrams in
Fig. 4 and read
T [+−++|k1k
′
1
k2k′2
] = T [+−++|k1k
′
1
k2k′2
]− T [+−++|k2k
′
1
k1k′2
], (3.4)
T [+−++|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v
∫
dq
2pi
(
g
(2)
q,k′2−k2αk1,k
′
1+q
Fk′1+q − g
(4)
q,k′2−k2αk1−q,k
′
1
Fk1−q
)
, (3.5)
T [+−−−|k1k
′
1
k2k′2
] = T [+−−−|k1k
′
1
k2k′2
]− T [+−−−|k1k
′
2
k2k′1
], (3.6)
T [+−−−|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v
∫
dq
2pi
(
g
(4)
q,k′2−k2αk1,k
′
1+q
Fk′1+q − g
(2)
q,k′2−k2αk1−q,k
′
1
Fk1−q
)
, (3.7)
Fk1k′1k2k′2 =
√
Fk1Fk′1Fk2Fk′2 . (3.8)
Here and below, the labels of the initial and final two-particle states are placed according to the 2D layout of the
diagrams in Figs. 4 and 5. These processes represent BS of a single electron accompanied by a particle-hole excitation
on + or − branch; this mechanism has been identified in Refs. 16,18,20.
7As a technical point, the terms in the BS field linear in momentum [Eq. (2.4)] cancel exactly the denominator of
the single-particle causal Green function
G˜±(, k) =
Fk
− ε±(k) + i sgn (ε±(k)± V/2) . (3.9)
Note that the Green function involves Fk in the presence of the cutoff and see Eq. (3.12) below for the occupation of
electron states.
The 2PBS processes with δN = 2 first arise in the second order in the BS field and first order in interactions; the
scattering amplitudes for the elementary processes between two-particle states are represented by the diagrams in
Fig. 5 and read
T [+−+−|k1k
′
1
k2k′2
] =
1
2
(T [+−+−|k1k
′
1
k2k′2
]− T [+−+−|k2k
′
1
k1k′2
]− T [+−+−|k1k
′
2
k2k′1
] + T [+−+−|k2k
′
2
k1k′1
]), (3.10)
T [+−+−|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v2
∫
dq1dq2
(2pi)2
[
g(4)q1,q2(αk1,k′1+q1αk2,k′2−q2Fk′1+q1Fk′2−q2 + αk1−q1,k′1αk2+q2,k′2Fk1−q1Fk2+q2)
−2g(2)q1,q2αk1,k′1+q1αk2+q2,k′2Fk′1+q1Fk2+q2
]
. (3.11)
These processes describe simultaneous transfer of two
electrons between − and + branches; this mechanism
has been identified in Ref. 17. In Eqs. (3.5), (3.7), and
(3.11), the combination (3.8) of the cutoff functions arises
from external momenta k1,2, k
′
1,2, while individual cutoff
functions F... come from the Green functions (3.9) in the
diagrams.
We point out that the scattering amplitudes are anti-
symmetric with respect to the transposition of the same-
isospin electrons in the final or initial two-particle states.
This is a consequence of the Fermi statistics of electrons.
As we demonstrate below, this antisymmetry property
in conjunction with the locality properties of interactions
has profound consequences for BS.
We assume that the initial unperturbed eigenstate |i〉
of Hˆ0 is the current-carrying state described by the zero-
temperature Fermi distribution function
f±,k =
{
0, ε±(k)± V/2 > 0,
1, ε±(k)± V/2 < 0.
(3.12)
where the bias voltage V in energy units represents the
shift of the chemical potentials of + and − states. The
resulting contributions δI1,2 to the BS current [Eq. (3.1)]
δI = δI1 + δI2
due to 1PBS processes (3.4) and (3.6) and 2PBS pro-
cesses (3.10), respectively, read
δI1 = δI1[
+−
++] + δI1[
+−
−−]− δI1[−+++]− δI1[−+−−], (3.13)
δI1[
+−
++] =
∫
Dk
2pi
v
δ(+k1 + k2 + k
′
1 − k′2)
∣∣∣T [+−++|k1k′1k2k′2 ]∣∣∣2 (1− f+,k1)(1− f+,k2)f+,k′2f−,k′1 ,
δI1[
+−
−−] =
∫
Dk
2pi
v
δ(+k1 − k2 + k′1 + k′2)
∣∣∣T [+−−−|k1k′1k2k′2 ]∣∣∣2 (1− f+,k1)(1− f−,k2)f−,k′2f−,k′1 ,
δI1[
−+
++] =
∫
Dk
2pi
v
δ(−k1 + k2 − k′1 − k′2)
∣∣∣T [−+++|k1k′1k2k′2 ]∣∣∣2 (1− f−,k1)(1− f+,k2)f+,k′2f+,k′1 ,
δI1[
−+
−−] =
∫
Dk
2pi
v
δ(−k1 − k2 − k′1 + k′2)
∣∣∣T [−+−−|k1k′1k2k′2 ]∣∣∣2 (1− f−,k1)(1− f−,k2)f−,k′2f+,k′1 ,
T [−+++|k1k
′
1
k2k′2
] = T [+−++|k
′
1k1
k′2k2
]∗, T [−+−−|k1k
′
1
k2k′2
] = T [+−−−|k
′
1k1
k′2k2
]∗, (3.14)
δI2 = δI2[
+−
+−]− δI2[−+−+], (3.15)
8δI2[
+−
+−] = 2
∫
Dk
2pi
v
δ(+k1 + k2 + k
′
1 + k
′
2)(1− f+,k1)(1− f+,k2)f−,k′2f−,k′1
∣∣∣T [+−+−|k1k′1k2k′2 ]∣∣∣2 ,
δI2[
−+
−+] = 2
∫
Dk
2pi
v
δ(−k1 − k2 − k′1 − k′2)(1− f−,k1)(1− f−,k2)f+,k′2f+,k′1
∣∣∣T [−+−+|k1k′1k2k′2 ]∣∣∣2 ,
T [−+−+|k1k
′
1
k2k′2
] = T [+−+−|k
′
1k1
k′2k2
]∗. (3.16)
Note that the amplitudes of the “reversed” processes
[Eqs. (3.14) and (3.16)] are related to each other by her-
mitian conjugation. This is the consequence of the opti-
cal theorem stemming from the unitarity of the scattering
matrix S [Eq. (3.2)] and the fact that the amplitudes are
calculated to the lowest order in perturbations.
For V > 0, the integration regions in Eqs. (3.13) and
(3.15) are such that δI1[
−+
++] = δI1[
−+
−−] = δI2[
−+
−+] =
0 vanish and the contributions come from δI1[
+−
++] =
δI1[
+−
−−] and δI2[
+−
+−] only. Using the properties of the
delta functions due to the energy conservation and the
step functions (3.12) of the Fermi distributions, the inte-
grals can be further brought to the forms
δI1[
+−
++] =
1
v
1
22(2pi)3
∫ 0
−kV
dk+
∫ +kV +k+
−kV −k+
dk−
×
∫ −kV −k+
−kV +k+
dk′+ |T [+−++|k1k
′
1
k2k′2
]|k++k′−=0|2, (3.17)
δI2[
+−
+−] =
2
v
1
22(2pi)3
∫ +kV
−kV
dk+
∫ +kV +k+
−kV −k+
dk−
×
∫ +kV −k+
−kV +k+
dk′− |T [+−+−|k1k
′
1
k2k′2
]|k++k′+=0|2. (3.18)
Here
kV =
V
v
is the momentum scale set by the bias voltage,
k± = k1 ± k2, k′± = k′1 ± k′2 (3.19)
are the convenient variables, and the amplitudes are
taken momenta satisfying the energy conservations, k++
k′− = 0 and k+ + k
′
+ = 0, respectively.
IV. GENERAL LOCALITY, SYMMETRY, AND
CUTOFF PROPERTIES
The key consequences for BS stemming from the local-
ity of the BS field, locality and symmetry of interactions,
and the cutoff follow directly from the BS amplitudes.
Consider a local BS field, αk,k′ = αk−k′ and absent
cutoff, Fk ≡ 1, such that all momentum integrations are
unconstrained. The BS amplitudes (3.5) and (3.11) [and
similar for Eq. (3.7)] then take the form
T [+−++|k1k
′
1
k2k′2
] =
1
v
∫
dq
2pi
(
g
(2)
q,k2−k′2 − g
(4)
q,k2−k′2
)
αk1−k′1−q,
T [+−+−|k1k
′
1
k2k′2
] =
2
v2
∫
dq1dq2
(2pi)2
×
(
g(4)q1,q2 − g(2)q1,q2
)
αk1−k′1−q1αk2−k′2+q2 .
We see that interactions enter as the difference g
(4)
q1,q2 −
g
(2)
q1,q2 , and so, the 1PBS and 2PBS amplitudes vanish
(even before antisymmetrization) for any form (finite-
range or local) of SU(2)-symmetric interactions, g
(4)
q1,q2 =
g
(2)
q1,q2 .
Now, consider both BS field αk,k′ = αk−k′ and inter-
actions g
(4),(2)
q1,q2 = g
(4),(2)
q1−q2 local, but present cutoff. As a
direct consequence of the locality of the BS field and in-
teractions, the integrands, except for the cutoff functions,
of the contributions to the full antisymmetrized ampli-
tudes (3.4) and (3.10) can be made identical by changing
the integration momenta. For g(4) interactions, also the
cutoff functions F ... become the same and the respective
contribution to the full antisymmetrized amplitudes van-
ish exactly; this is a manifestation of the fact, explained
in Sec. II, that local interactions between fermions of the
same component± are effectively absent, also in the pres-
ence of the cutoff. For g(2) interactions, however, the
cutoff-function parts are different, which results in the
net forms
9T [+−++|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v
∫
dq
2pi
(Fk′1+q − Fk′1+q+k2−k1)g
(2)
q+k2−k′2αk1−k
′
1−q, (4.1)
T [+−+−|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
−1
v2
∫
dq1dq2
(2pi)2
(Fk′1+q1 − Fk′1+q1+k2−k1)(Fk2+q2 − Fk2+q2+k′1−k′2)g
(2)
q1−q2αk1−k′1−q1αk2−k′2+q2 . (4.2)
So, for local BS field and interactions the anti-
symmetrized BS amplitudes vanish for absent cutoff,
Fk ≡ 1; however, they generally do not vanish in the
presence of the cutoff.
Combining the above results, let us summarize the con-
ditions under which we have obtained vanishing of the BS
amplitudes: (i) local form of the BS field; (ii.a) local or
(ii.b) SU(2)-symmetric interactions; (iii) absent cutoff of
the electron spectrum.
Comparing these results with those of Ref. 22, we
note that there the conclusion of absent BS was reached
for (ii.a) local and (ii.b) SU(2)-symmetric interactions,
whereas we obtain that BS amplitudes vanish already
when only one of the two conditions is satisfied. We
thus conjecture that BS is absent for a more general form
of interactions, namely, when they are either (ii.a) lo-
cal (in which case the symmetry question is irrelevant,
since their structure is effectively unique, as explained
in Sec. II) or (ii.b) SU(2)-symmetric (in which case they
could be finite-range). We point out the caveat that this
is indeed a conjecture, since our perturbative analysis
proves vanishing of the BS amplitudes to a given order
only. To prove the absence of BS in general, a nonper-
turbative method is required.
However, when any one of these three conditions (with
relaxed conditions on the form of interactions) is violated,
BS amplitudes are nonzero and BS is present; perturba-
tive analysis is sufficient to prove this point. Explicitly,
if the BS field is nonlocal [(i) is violated], BS is present
even for local or SU(2)-symmetric interactions [(ii.a) or
(ii.b) is satisfied] and absent cutoff [(iii) is satisfied]. If
interactions are finite-range and SU(2)-asymmetric [(ii.a)
and (ii.b) are violated], BS is present even for local BS
field [(i) is satisfied] and absent cutoff [(iii) is satisfied].
If the cutoff is present [(iii) is violated], BS is present
even for local BS field [(i) is satisfied] and local or SU(2)-
symmetric interactions [(ii.a) or (ii.b) is satisfied]. The
cases are summarized in Tab. I.
Our results thus establish precise conditions for the ab-
sence of BS, and thus, for the validity of the conclusions
of Ref. 22. We see that these conditions are quite strin-
gent. As explained in detail in Sec. II, all of these effects
are generally present in the proper low-energy model for
the helical edge states of a 2D topological insulator and
will provide BS of some magnitude. We quantify the
magnitude of BS due to these effects in the next section
by calculating the scaling dependence of the BS current.
FIG. 6: Contour plots of the BS field α(x, x′) and its Fourier
transform αk,k′ .
FIG. 7: The profile δl(x) of the BS field (5.1) and a real-space
illustration of the two regimes V  Vl and Vl  V for the
bias voltage. The bias voltage length scale lV = 1/kV = v/V
is much larger (l lV ) and smaller (lV  l) than the extent
l of the BS field profile, respectively.
V. LOW-ENERGY SCALING
We now calculate the asymptotic behavior of the BS
currents δI1,2(V ) [Eqs. (3.13) and (3.15)] due to 1PBS
and 2PBS processes in the limit of small bias V . To
make the results more physically transparent, we make
the following additional natural assumptions about the
forms of the BS field and interactions.
A. Forms of the BS field and interactions
As explained in Sec. II, the dependence on the variable
1
2 (x+ x
′) determines the spatial “profile” of the BS field
α(x, x′), whereas the dependence on x − x′ determines
the shape of the nonlocal kernel. To clearly distinguish
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these two different aspects, for the calculations below, we
consider a factorized form
α(x, x′) = δl( 12 (x+ x
′))α˜(x− x′). (5.1)
Here, δl( 12 (x+x
′)) is a dimensionless function describing
the profile, which we assume to have a spatial extent l,
such that δl(0) = 1 at its maximum, Fig. 7; α˜(x− x′) is
the integral kernel of the microscopic extent a. Since a is
the microscopic scale of the theory, naturally we assume
l & a. Accordingly, in momentum space,
αk,k′ = 2piδ
l
k−k′ α˜ 12 (k+k′). (5.2)
Here, the Fourier transform δlq =
∫
dx e−iqxδl(x) is a
peaked function in momentum space centered around
q = 0 with height δlq=0 ∼ l and extent 1/l. Is it a quasi
delta function,
∫
dq
2pi2piδ
l
q = δ
l(x = 0) = 1, which be-
comes the true delta function if the profile δl(x) ≡ 1 is
translationally invariant in real space.
The Fourier transform α˜(k+k′)/2 of the nonlocal kernel
α˜(x−x′) has a large extent 1/a in momentum space. We
also assume that the kernel α˜(x− x′) decays sufficiently
fast, so that α˜q is analytic at q = 0 in momentum space.
For the form (5.2) of the BS field, the TRS constraint
(2.13) means that α˜(x−x′) = α˜(x′−x) and α˜q = α˜−q are
even. And so, the expansion at small momenta qa  1
contains only even powers and reads
α˜q = α˜0 +
1
2∂
2α˜0q
2 +O(q4). (5.3)
This small-q expansion allows us to further elucidate the
locality properties of the BS field. If the BS field kernel
α˜(x− x′) = α˜0δ(x− x′) is local in real space, its Fourier
transform is exactly constant α˜q ≡ α˜0. So, for a nonlocal
BS field kernel, α˜0 may be referred to as the “local part”,
while higher-order terms in q describe the “nonlocal part”
of the BS field kernel. Note that this representation also
illustrates the point made in Sec. II that the nonlocal
integral form can be reformulated in the local form with
higher-order derivatives of the electron fields, since mo-
mentum powers correspond to derivatives in real space,
q → −i∂x.
Below, we also consider translationally invariant elec-
tron interactions, g(n)(x1, x2) = g˜
(n)(x1 − x2), for which
g
(n)
q,q′ = 2piδ(q − q′)g˜(n)q . The expansions
g˜(n)q = g˜
(n)
0 +
1
2∂
2g˜
(n)
0 q
2 +O(q4) (5.4)
of the Fourier transforms of the interaction potentials at
small momenta qa 1 [where we assume that the range
of the interaction potentials g˜(n)(x1−x2) is also equal to
the microscopic scale a] contains only even powers due
to the interchange symmetry of interactions. Similarly
to the BS field (5.3) above, g˜
(n)
0 describe the local parts
of the interactions, which would be the only part for truly
local interactions, g˜(n)(x1 − x2) = g˜(n)0 δ(x1 − x2), while
the higher-order terms in q describe their nonlocal parts.
We calculate the BS current in the limit of the bias
voltage V  v/a much smaller than the microscopic en-
ergy scale, set by the bulk gap. At the same time, the
relation between the bias V and the energy scale
Vl =
v
l
(5.5)
associated with the spatial extent l & a of the BS field
profile may be arbitrary. For short extent l ∼ a of the
BS field, a microscopic-scale “impurity”, there is only one
regime V  Vl. However, for large enough spatial extent
l  a of the BS field, an additional regime Vl  V 
v/a exists, Fig. 7. We derive the general expressions
for arbitrary V/Vl, and then calculate the asymptotic
scaling behaviors in the limits V  Vl and Vl  V (when
the latter exists). As bias V is swiped, one crosses over
between the two regimes at V ∼ Vl.
As follows from Eqs. (3.17) and (3.18), the Fermi
functions (3.12) together with the delta function due to
the energy conservation confine the external momenta
k1,2, k
′
1,2 . kV = V/v of the scattering amplitudes to the
region of size set by the bias voltage.
B. Nonlocal BS field or interactions, absent cutoff
Here, we consider nonlocal BS field or interactions and
absent cutoff, Fk ≡ 1. Given the properties of the BS
field and interactions assumed above, the kernel α˜q and
interaction potentials g˜
(n)
q , which have a large momentum
extent 1/a, may be expanded in external momenta in the
BS amplitudes for V  v/a, whereas the BS field profile
δl... stays as is for arbitrary V/Vl. The expanded expres-
sions for the 1PBS [Eq. (3.4), and similar for Eq. (3.6)]
and 2PBS [Eq. (3.10)] amplitudes read
T [+−++|k1k
′
1
k2k′2
] =
1
v
2piδlk+−k′+
[
1
2∂
2(g˜
(2)
0 − g˜(4)0 )(k′+ − k′− − k+)α˜0 + g˜(2)0 12∂2α˜0k′+
]
k−, (5.6)
T [+−+−|k1k
′
1
k2k′2
] =
1
v2
k−k′−∆
l
k+−k′+ , (5.7)
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∆lκ =
∫
dq
2pi
2piδlκ
2 −q
2piδlκ
2 +q
[
−∂2(g˜(4)q − g˜(2)q )α˜21
2 q
− ∂(g˜(4)q − g˜(2)q )2∂α˜ 12 qα˜ 12 q + g˜
(2)
q ∂α˜
2
1
2 q
]
, (5.8)
in terms of the convenient variables (3.19). In deriving these expressions, we used the symmetry relation α˜q = α˜−q
due to TRS, and the relations ∂α˜q = −∂α˜−q and ∂α˜0 = 0 that follow.
The resulting general expressions for the BS currents [Eqs. (3.17) and (3.18)], providing the leading asymptotics
for arbitrary V/Vl for bias V  v/a, read
δI1(V ) = δI1[
+−
++] + δI1[
+−
−−] =
2
v
|A|2 1
22(2pi)3
∫ 0
−kV
dk+
∫ +kV +k+
−kV −k+
dk− k2−
∫ −kV −k+
−kV +k+
dk′+ k
′2
+(
1
v
2pi)2|δlk+−k′+ |
2, (5.9)
A = 12∂
2(g˜
(2)
0 − g˜(4)0 )α˜0 + g˜(2)0 12∂2α˜0,
δI2(V ) = δI2[
+−
+−] =
2
v
1
22(2pi)3
∫ +kV
−kV
dk+
1
v4
|∆l2k+ |2
∫ +kV +k+
−kV −k+
dk− k2−
∫ +kV −k+
−kV +k+
dk′− k
′2
− . (5.10)
We see that locality properties of the BS field and in-
teractions and the isospin symmetry of the latter explic-
itly manifest, in accord with the general conclusions of
Sec. IV: in this form, nonlocality enters as derivatives
∂(g˜
(2)
q − g˜(4)q ) and ∂α˜q of the Fourier transforms, as ex-
plained around Eqs. (5.3) and (5.4).
The coefficient A and function ∆lκ , and consequently,
the BS currents δI1,2, are zero only if (i) BS field is local
(∂α˜q = 0) and (ii.a) the interactions are local (∂g˜
(n)
q = 0)
or (ii.b) SU(2)-symmetric (g˜
(2)
q = g˜
(4)
q ). Otherwise, A,
∆lκ , and the currents δI1,2 are nonzero.
In the regimes V  Vl and Vl  V (when the latter
exists), further approximations are possible and the scal-
ing dependence on the bias voltage V can be obtained
explicitly. In real space, the two regimes correspond to
the bias length scale lV = 1/kV = v/V being much larger
(l  lV ) and smaller (lV  l) than the extent l of the
BS field profile, respectively, Fig. 7. The regime Vl  V
can be regarded as “quasi translationally invariant”, with
the peaked “quasi delta function” δlκ representing near
momentum conservation.
The peaked functions δlκ and (consequently) ∆
l
κ de-
pend on the difference κ = k+ − k′+ between the total
final k+ and initial k
′
+ momenta of the BS process and
have extent 1/l. In the regime V  Vl, the integration
range ∼ kV for all involved momenta is much smaller
than this extent and, to the leading order, these func-
tions may be taken at zero momentum. In the opposite
regime Vl  V , δlκ and ∆lκ are restricted to a small re-
gion in κ compared to the integration range ∼ kV and
are sharply peaked; as a result, the integration region is
effectively constrained. For the scaling dependencies of
the BS currents with the bias voltage, we obtain, to the
leading order,
δI1(V ) =
2
v
|A|2 1
(2pi)3
×
{
11
630k
7
V (
1
v2pi)
2|δl0|2 ∝ V 7, V  Vl,
11
11520k
6
V
∫ +∞
−∞ dk
′
+ (
1
v2pi)
2|δl−k′+ |
2 ∝ V 6, Vl  V,
(5.11)
δI2(V ) =
2
v5
1
(2pi)3
×
{
32
315k
7
V |∆l0|2 ∝ V 7, V  Vl,
1
9k
6
V
∫ +∞
−∞ dk+ |∆l2k+ |2 ∝ V 6, Vl  V.
(5.12)
We see that the scaling is the same for 1PBS and 2PBS
currents in each regime, but differs between two regimes:
δI1,2(V ) ∝ V 7 for V  Vl and δI1,2(V ) ∝ V 6 for Vl  V .
At V ∼ Vl, both expressions become parametrically the
same and a crossover between the two regimes occurs; the
dependence is shown schematically in Fig. 8. We discuss
the scaling properties further in Sec. V C.
The dependence of δI1,2(V ) on the extent l of the BS
field is determined by the functions δlκ and ∆
l
κ . Since
δl0 ∝ l,
∫ +∞
−∞
dκ |δlκ |2 ∝ l,
for the 1PBS current, we obtain
δI1(V ) ∝
{
l2, V  Vl,
l, Vl  V.
Note that, in the regime Vl  V , the 1PBS current is
extensive, proportional to the size l of the region where
the BS field exists.
For l a, the dependence of the 2PBS current δI2(V )
on l varies with the locality and symmetry of interactions.
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FIG. 8: Schematic dependence of the backscattering cur-
rents δI1,2(V ) (red) for nonlocal BS field or nonlocal and
SU(2)-asymmetric interactions [Eqs. (5.11) and (5.12)], or
in the presence of a smooth cutoff of the electron spectrum
[Eqs. (5.17) and (5.18)]. There are two scaling regimes,
δI1,2(V ) ∝ V 7 (green) at V  Vl and δI1,2(V ) ∝ V 6 (blue)
at Vl  V , and a crossover between them at V ∼ Vl, where
Vl = v/l [Eq. (5.5)] is the energy scale set by the spatial extent
l of the BS field profile.
For l a, the integral in ∆lκ [Eq. (5.8)] is constrained to
the region ∼ 1/l around q = 0, much smaller than the ex-
tent 1/a of α˜q and g˜
(n)
q , which allows us to expand them
in the integrand. For finite-range SU(2)-asymmetric in-
teractions, to the leading order,
∆lκ ≈ −
∫
dq
2pi
2piδlκ
2 −q
2piδlκ
2 +q
∂2(g˜
(4)
0 − g˜(2)0 )α˜20,
∆l0 ∝ l,
∫ +∞
−∞
dκ |∆lκ |2 ∝ l,
and the 2PBS current
δI2(V ) ∝
{
l2, V  Vl,
l, Vl  V,
has the same dependence on l as the 1PBS current
δI1(V ). For local or SU(2)-symmetric interactions, how-
ever, the above expression vanishes. In the next order,
∆lκ ≈
∫
dq
2pi
2piδlκ
2 −q
2piδlκ
2 +q
g˜
(2)
0 (∂
2α˜0
q
2 )
2,
∆l0 ∝
1
l
,
∫ +∞
−∞
dκ |∆lκ |2 ∝
1
l3
,
and the 2PBS current
δI2(V ) ∝
{
1/l2, V  Vl,
1/l3, Vl  V,
decays with the extent l of the BS field in both regimes.
C. Local BS field and interactions, present cutoff
Here we consider local BS field and interactions, but
present cutoff. For the local BS field, αq describes the
Fourier transform of the spatial profile. As in Sec. V B,
we assume that the profile has extent l in real space;
in terms of Eqs. (5.1) and (5.2), αq = 2piδ
l
qα˜0, with a
constant α˜0 and profile δ
l
q. Assuming that interactions
are also translationally invariant, g
(2)
q = 2piδ(q)g˜
(2)
0 , the
BS amplitudes (4.1) and (4.2) reduce to
T [+−++|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v
(Fk′1+k′2−k2 − Fk′1+k′2−k1)g˜
(2)
0 αk1+k2−k′1−k′2 , (5.13)
T [+−+−|k1k
′
1
k2k′2
] = Fk1k′1k2k′2
1
v2
∫
dq
2pi
(F 1
2 (k−+k
′
+)+q
−F 1
2 (−k−+k′+)+q)(F 12 (k++k′−)+q−F 12 (k+−k′−)+q)g˜
(2)
0 α 12 (k+−k′+)−qα 12 (k+−k′+)+q.
(5.14)
We consider three types of the cutoff function Fk:
smooth, hard [Eq. (2.18)], and exponential [Eq. (2.19)].
For a smooth cutoff function, with a continuous first
derivative ∂Fk at all momenta and a well-defined second
derivative ∂2F0 at k = 0 (∂F0 = 0 since k = 0 is a
maximum), the BS amplitudes, expanded to the lowest
order in external momenta k− and k′−, read
T [+−++|k1k
′
1
k2k′2
] =
1
v
1
2
∂2F0k−(2k′+ − k+)g˜(2)0 αk+−k′+ , (5.15)
T [+−+−|k1k
′
1
k2k′2
] =
1
v2
k−k′−∆˜
l
k+−k′+ , (5.16)
∆˜lκ =
∫
dq
2pi
(∂Fq)
2g˜
(2)
0 ακ2 −qακ2 +q.
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The 2PBS amplitude has the same dependence on ex-
ternal momenta as in the case of nonlocal BS field or in-
teractions and absent cutoff in Sec. V B; the function ∆˜lκ
has the same main properties as ∆lκ [Eq. (5.8)]: extent
1/l and height ∝ l. The 1PBS amplitude has a slightly
different dependence, but is still of the same, second order
in external momenta. As a result, the scaling dependence
of the 1PBS and 2PBS current for smooth cutoff is the
same as in the cases of absent cutoff, but nonlocal BS
field or interactions, studied in Sec. V B,
δI1(V ) =
2
v
(
1
v
1
2
∂2F0g˜
(2)
0
)2
1
(2pi)3
×
{
1
20k
7
V |α0|2 ∝ l2V 7, V  Vl,
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11520k
6
V
∫ +∞
−∞ dk
′
+ |αk+−k′+ |2 ∝ lV 6, Vl  V,
(5.17)
δI2(V ) =
2
v5
1
(2pi)3
×
{
32
315k
7
V |∆˜l0|2 ∝ l2V 7, V  Vl,
1
9k
6
V
∫ +∞
−∞ dk+ |∆˜l2k+ |2 ∝ lV 6, Vl  V.
(5.18)
For the hard cutoff (2.18), the BS amplitudes to the
leading order in external momenta k1,2, k
′
1,2  1/a read
T [+−++|k1k
′
1
k2k′2
] ≡ 0,
T [+−+−|k1k
′
1
k2k′2
] =
1
v2
1
2pi
g˜
(2)
0 α−1/aα+1/a
× (|k1 − k′2|+ |k2 − k′1| − |k1 − k′1| − |k2 − k′2|). (5.19)
The 1PBS amplitude vanishes since the cutoff function is
piecewise constant. For the 2PBS amplitude, the contri-
butions come from small regions around the cutoff mo-
menta ±1/a. The respective BS currents read
δI1 = 0, (5.20)
δI2 =
(
1
v2
1
2pi
g˜
(2)
0 α−1/aα+1/a
)2
1
(2pi)3
810029
2278125
k5V ∝ V 5.
(5.21)
Since the BS field is taken at large momenta ±1/a and
thus does not depend on small external momenta, the
dependence of δI2(V ) on V is the same for any relation
between V and Vl.
For the exponential cutoff (2.19), the 1PBS amplitude
(5.13) to the leading order in external momenta reads
T [+−++|k1k
′
1
k2k′2
] =
1
v
a(|k′1 + k′2 − k1| − |k′1 + k′2 − k2|)
× g˜(2)0 αk1+k2−k′1−k′2 .
The corresponding 1PBS current in the two regimes is
δI1(V ) =
2
v
(
1
v
ag˜
(2)
0
)2
1
(2pi)3
×
{
191
11520k
5
V |αl0|2 ∝ l2k5V ,
1
384k
4
V
∫ +∞
−∞ dk
′
+ |αlk+−k′+ |
2 ∝ lk4V .
The 2PBS amplitude (5.14) for the exponential cutoff
(2.19) has the following asymptotic expressions in the
two regimes, to the leading order in k− and k′−,
T [+−+−|k1k
′
1
k2k′2
] =
1
v2
˜˜∆l0k−k
′
−, V  Vl,
˜˜∆l0 = a
2
∫ +∞
−∞
dq
2pi
e−2a|q|g˜(2)0 α−qα+q,
T [+−+−|k1k
′
1
k2k′2
]|k++k′+=0 =
1
v2
sgn k− sgn k′−d
l
k+−k′+ , Vl  V,
(5.22)
dlk+−k′+ = 4a
2
∫ +∞
−∞
dq
2pi
q2g˜
(2)
0 α 12 (k+−k′+)−qα 12 (k+−k′+)+q,
where the latter is taken at momenta satisfying the en-
ergy conservation k++k
′
+ = 0. The corresponding 2PBS
current in the two regimes reads
δI2(V ) =
2
v5
1
(2pi)3
×
{
32
315k
7
V | ˜˜∆l0|2 ∝ l2V 7, V  Vl,
k2V
∫ +∞
−∞ dk+ |dl2k+ |2 ∝ V 2/l3, Vl  V.
(5.23)
Below we discuss the results of Secs. V B and V C.
D. Smoothness and scaling, bosonization
Aggregating the results of Secs. V B and V C, we ob-
serve that the low-bias scaling of the BS current is cru-
cially sensitive to the smoothness properties of the scat-
tering amplitudes at small external momenta. The latter,
in turn, are determined by the smoothness properties of
the BS field kernel, interactions, and cutoff function at all
momenta (only 1PBS amplitude is determined by those
at small momenta). When all three are smooth, the scal-
ing of the BS currents δI1,2(V ) is quite universal: it is the
same whether the current is due to nonlocality of BS field
or interactions [Eqs. (5.11) and (5.12)] or to the presence
of the cutoff [Eqs. (5.17) and (5.18)], see also Fig. 8. This
universality is due to the analytic dependence of the an-
tisymmetrized BS amplitudes [Eqs. (5.6) and (5.7) and
Eqs. (5.15) and (5.16)] at small momenta k− and k′−.
However, for both hard [Eq. (2.18)] and exponential
[Eq. (2.19)] cutoffs, the scaling is different. Both of these
cutoffs, though commonly used, are not everywhere dif-
ferentiable: the hard cutoff (2.18) has a jump at the band
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edges k = ±1/a, while the exponential cutoff (2.19) has
a jump in the first derivative at k = 0 (related to which
is the power-law tail of the Lorenzian in real space). As
a consequence of these singularities, the scattering am-
plitudes [Eqs. (5.19) and (5.22)] are not smooth at small
momenta, which results in the BS current scaling as a
lower power of the bias voltage [Eqs. (5.21) and (5.23)].
Thus the low-bias scaling of the BS current depends on
the smoothness properties of the cutoff function, suggest-
ing that the choice of cutoff is a nontrivial matter. On the
other hand, the BS field kernel and interaction potential
are generally naturally smooth at all momenta35.
In Refs. 15,17,19, BS was studied using bosonization
technique: under the assumptions of local BS field and
interactions and absent cutoff in the initial fermionic
model, finite BS was found in the bosonized version of
this model. This result was later questioned in Ref. 22,
where no BS was found under the same assumptions
about the fermionic model (the structure of local inter-
actions in the ± isospin space is effectively unique, see
Sec. II). The latter result was obtained by finding the
exact solution (subsequently recovered in Ref. 36) to the
single-particle problem for arbitrary local BS field. In
Sec. IV, we have confirmed perturbatively that BS is in-
deed absent in the fermionic model under these assump-
tions. The bosonization-based results of Refs. 15,17,19
are reconciled with these findings of the fermionic method
as follows. Bosonization procedure itself necessarily im-
plies imposing a cutoff on the electron spectrum. Conse-
quently, even if the initial fermionic model has no cutoff,
its bosonized version effectively contains one. Hence, the
bosonization-based results have to be compared to those
for the fermionic model with a cutoff and there is no
qualitative disagreement, since in the latter case BS is
present.
VI. SUMMARY
In this work, we have studied backscattering effects in
the presence of a single-particle time-reversal-symmetric
backscattering field (generalized Rashba coupling) and
time-reversal-symmetric non-backscattering electron in-
teractions in a 1D helical liquid. We have found that
backscattering of some magnitude is inevitable when ei-
ther the backscattering field or interactions are nonlocal,
or when the electron spectrum has a finite cutoff; precise
conditions are summarized at the end of Sec. IV and in
Tab. I. All of these effects that lead to backscattering are
expected to be present in a real system. We have quan-
tified backscattering by calculating the scaling behavior
of the backscattering current at low bias voltage. We
have found that scaling is sensitive to the smoothness
properties of the backscattering field, interactions, and
cutoff in the momentum space, as discussed in Sec. V D.
We have also resolved the potential controversy between
Refs. 22 and Refs. 15,17,19, which had predicted absence
and presence of backscattering, respectively, from dif-
ferent approaches for the same, initially local fermionic
model.
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